Abstract-This paper analyzes opportunistic schemes for transmission scheduling from one of homogeneous queues whose channel states fluctuate independently. Considered schemes consist of an LCQ policy that transmits from a longest connected queue in the entire system, and its low-complexity variant LCQ( ) that transmits from a longest queue within a randomly chosen subset of 1 connected queues. A Markovian model is studied where mean packet transmission time is 1 and packet arrival rate is 1 per queue. Transient and equilibrium distributions of queue lengths are obtained in the limit as the system size tends to infinity. It is shown that under LCQ almost all queues are empty in equilibrium, maximum queue length is 1, and the overall system occupancy is 2(1) as . Limiting distribution of the system occupancy is characterized. Limiting queue length distributions under LCQ( ) are also given. It is shown that if is fixed then the system occupancy is 2( ) and the queue length distribution has infinite support. If = (1) but = ( ) then the maximum queue length is 1 and the system occupancy reduces to ( ). Numerical comparison of the obtained asymptotic mean packet delays suggests that LCQ and LCQ( ) may have comparable delay performance for moderate values of and .
Occupancy Distributions of Homogeneous Queueing
Systems Under Opportunistic Scheduling
Murat Alanyali and Maxim Dashouk
Abstract-This paper analyzes opportunistic schemes for transmission scheduling from one of homogeneous queues whose channel states fluctuate independently. Considered schemes consist of an LCQ policy that transmits from a longest connected queue in the entire system, and its low-complexity variant LCQ( ) that transmits from a longest queue within a randomly chosen subset of 1 connected queues. A Markovian model is studied where mean packet transmission time is 1 and packet arrival rate is 1 per queue. Transient and equilibrium distributions of queue lengths are obtained in the limit as the system size tends to infinity. It is shown that under LCQ almost all queues are empty in equilibrium, maximum queue length is 1, and the overall system occupancy is 2(1) as . Limiting distribution of the system occupancy is characterized. Limiting queue length distributions under LCQ( ) are also given. It is shown that if is fixed then the system occupancy is 2( ) and the queue length distribution has infinite support. If = (1) but = ( ) then the maximum queue length is 1 and the system occupancy reduces to ( ).
Numerical comparison of the obtained asymptotic mean packet delays suggests that LCQ and LCQ( ) may have comparable delay performance for moderate values of and .
Index Terms-Downlink transmission scheduling, opportunistic algorithms, queueing analysis, random choice, wireless networks.
I. INTRODUCTION

W
E analyze a range of queueing systems that arise under opportunistic scheduling of packet transmissions from a collection of queues with time-varying service rates. The systems of interest are motivated by cellular data communications in which a base station serves multiple mobile stations through distinct channels. Transmission scheduling has been well-studied in this context under the guiding principle of opportunism, which broadly refers to exploiting channel variations to maximize the total transmission capacity in the long term. An opportunistic policy transmits on a channel with favorable instantaneous state; in addition transmission decisions may also be influenced by number of packets queued for transmission on each channel. This gives rise to a system of correlated queues for which queue length distributions are typically difficult to obtain in closed form. In this paper we give an asymptotic queueing analysis for large systems and identify [12] considered an on/off channel model in which each queue is either connected, and in turn it is eligible for service at a standard rate, or disconnected and thus it cannot be serviced. It is shown that transmitting from a longest connected queue stabilizes queue lengths if that is at all feasible. This policy is coined LCQ. In [12] LCQ is also shown to minimize occupancy of symmetric systems in which queues have identical load and channel statistics. Several bounds for mean packet delay are obtained in [4] and [8] but explicit characterization of neither occupancy distributions nor mean packet delay under LCQ is available. In more general models that admit multiple transmission rates and simultaneous transmissions, max-weight scheduling policies and their variations are shown in [9] , [11] to asymptotically minimize a range of occupancy measures along a certain heavy-traffic limit. In the special case when one queue can transmit at a time, max-weight transmits from a queue that maximizes the product of instantaneous queue length and transmission rate. Tails of queue length distributions under such policies are studied in [10] , [14] via large deviations analysis.
Here we consider a system of queues under an on/off channel model in which each queue is connected independently with probability . A continuous-time Markovian model is adopted where packet transmission rate is and each queue has a dedicated packet arrival stream of rate . It can be seen that is also the load factor of the system; hence the condition is necessary to have positive-recurrent queue lengths. We analyze this system for large values of the system size , under the LCQ scheduling policy and under its low-complexity variant, LCQ , that transmits from a longest queue within randomly selected connected queues. Our interest on LCQ is also motivated by a well-studied analogue of this policy in the context of load balancing [2] , [7] , [13] . Namely if each queue had a dedicated server with unit capacity, then assigning each arriving packet to a shortest queue within randomly chosen queues is well-known to entail drastic reduction in queue lengths relative to assigning each packet to a randomly chosen queue. In more precise terms, tails of the queue length distributions would decay as for and as for as . Whether a similar effect arises in the present context is of natural interest, although we are primarily concerned with the relative performance of LCQ with respect to LCQ rather than LCQ(1). We establish that as the system size increases equilibrium distribution of queue occupancies under the LCQ policy converges to the deterministic distribution concentrated at 0. Hence asymptotically almost all queues are empty in equilibrium. We show that the number of queues with one packet is and the number of queues with more than one packet is as . In particular maximum queue size tends to one. The total number of packets in the system is therefore given by the number of nonempty queues, and this number is shown to have the same equilibrium distribution as the positive-recurrent birthdeath process with birth rate and death rate at state . Note that the latter rate is equal to the probability of having at least one connected queue within a given set of queues, and that the nature of the total system occupancy may be anticipated once maximum queue size is determined to be one. The obtained description leads to asymptotic mean packet delay via Little's law as the rate of packet arrivals to the system is readily seen to be .
The analysis technique applied to LCQ can be extended, although with excessive tediousness, to symmetric max-weight policies in cases when each queue can be serviced independently at rate for some random variable . Above conclusions about LCQ offer substantial insight about queue occupancies in that more general setting. Namely if exceeds with positive probability (this condition is necessary for positive recurrence of queue lengths), then stochastic coupling with a related LCQ system yields that the maximum queue length in equilibrium tends to 1 as . In turn, equilibrium distribution of total system occupancy should be expected to resemble that of a birth-death process with birth rate and death rate at state , where are independent copies of .
We obtain the equilibrium distribution of individual queue occupancy under the LCQ policy in the limit as . Specifically where and
This distribution is shown to have tails that decay as as queue size . Hence, in terms of tail occupancy probabilities, the choice parameter has the equivalent effect of reducing the system load by a factor of . Interestingly this effect is substantially less pronounced than the alluded double-exponential tail effect in the load balancing context. Since is a nondegenerate distribution it is apparent that, for fixed , system occupancy under LCQ is larger than that of LCQ by a factor of order . We also analyze LCQ when is allowed to depend on so that but , and conclude that the order of the alluded disparity reduces to in that case. This suggests that for moderate values of and LCQ and LCQ may be expected to have comparable packet delay. Fig. 1 corroborates this observation by illustrating that for and (for which both mean field approximations are arguably fairly accurate) the mean packet delays under the two policies are remarkably close for the entire range of .
The analysis in this paper is based on mean-field approximations that amount to functional laws of large numbers for dynamical systems. The present analysis of LCQ for fixed is inspired by the work of Vvedenskaya et al. [13] which concerns the load-balancing analogue of this policy. In analyzing LCQ and LCQ , i.e., when is allowed to depend on , standard mean-field analysis proves inadequate in describing the limit dynamics along boundaries of its state space. Such boundaries arise here due to depletion of queues above each occupancy level, and determination of equilibrium distributions requires an explicit account of the average behavior of the system along these boundaries. Our conclusions about these policies therefore rely on a less well-known refinement of the mean-field approximation, which in turn is based on a technical approach due to Kurtz [6] . Application of this approach is typically challenging as it entails classification of high dimensional processes; however, it will be shown that such difficulties can be finessed in the present application. Other applications of this technique can be found in [1] , [5] , and [15] . The rest of this paper is organized as follows. Section II gives the formal model and the notation adopted in the paper. The remaining three sections of the paper analyze policies LCQ , LCQ, and LCQ respectively.
II. QUEUEING MODEL
Consider queues each serving a dedicated stream of packet arrivals as illustrated in Fig. 2 . Arrivals of each stream occur according to an independent Poisson process with rate packets per unit time and transmission time of each packet is exponentially distributed with mean , chosen independently of the prior history of the system. Each queue is serviced by a designated channel but at most one channel can transmit at a time. Channel states fluctuate randomly and each channel is eligible for transmission with probability independently of other channels. Queues with eligible channels are called connected. We assume that channel states remain constant during packet transmission and that they are determined anew, independently of each other and of the current queue lengths, just before the next transmission decision.
Let denote the number of queues with or more packets at time , and let be the fraction of such queues in the system. In particular (1) the sequence is the empirical cumulative distribution function of queue occupancies, and is the empirical average queue occupancy in the system at time . We denote by and respectively probabilities and expectations associated with system size . In particular if denotes the occupancy of the th queue at time then by the symmetry of the model Let denote the collection of sequences that satisfy relation (1) , and endow with metric that is defined by Note that convergence in is equivalent to coordinate-wise convergence, and that is compact as each coordinate lies in a compact interval.
For each time let denote the sequence . We represent the trajectory by the symbol , and
say that converges to a given trajectory uniformly on compact time-sets (uoc) if for all Fig. 2 . Sketch of the considered queueing system. At most one queue is serviced at a time, and each queue i can be serviced only when channel i is eligible for transmission.
III. LCQ
Let denote the number of connected queues at a given scheduling instant. LCQ selects a subset of connected queues at random and transmits from a longest queue within this set. For convenience of analysis we shall assume that if all selected queues are empty or no connected queue exists at a scheduling instant then the scheduler makes a new selection after idling for the transmission time of a hypothetical packet. This assumption can be seen to imply that scheduling instances form a Poisson process of rate .
For let where
Here and in the rest of the paper denotes 1 if its argument is true and 0 otherwise. Jumps of the process are of the form for some . Namely changes by whenever some queue with exactly packets has a new arrival, and by whenever a packet transmission is scheduled from a queue with exactly packets. The number of queues with packets at time is given by ; hence the former event occurs at instantaneous rate . The latter event occurs if and only if at a scheduling instant the scheduler inspects at least one connected queue with packets but none with more than packets. At such an instant a connected queue has strictly less than packets with probability , and lengths of inspected queues are asymptotically independent as the queue population grows. In turn the maximum queue length inspected by the scheduler is equal to with probability as . Since scheduling instants occur at rate , instantaneous rate of transmissions from a queue of size is Here the equality follows because is Binomial . So is a time-homogeneous Markov process whose generator can be sketched as shown in (2) , at the bottom of the page.
It offers some convenience in the subsequent discussion to represent the process via the "random time change" construction of [3, Ch. 6] . Namely (3) where , are mutually independent Poisson processes each with unit rate. In informal terms, the processes and clock respectively arrivals to and departures from some queue with length , and the construction (3) is based on suitably expediting these processes to match the instantaneous transition rates given in (2) . Martingale decomposition of the Poisson processes used in (3) yields (4) where is such that each coordinate process is a real-valued martingale adapted to the filtration generated by . 
We provide a proof based on the following auxiliary result:
Lemma 3.2:
Let and solve the differential system (5) with respective initial conditions such that for all . Then for all and all . Proof: Suppose that the lemma is incorrect and let be the first instant such that and for some Let be the largest index that satisfies this condition at time . Then by (5) The right hand side of this equality is nonnegative due to the choice of (since otherwise either the condition and or the condition must be violated before time ). This contradicts with the definition of ; therefore, no such exists and the lemma holds. 
Equality (5) and definition (6) of give or, in integral form,
Note that since it follows that Hence , and therefore , is bounded by uniformly for all . In turn equality (9) yields The bound on the right hand side is finite since due to the hypothesis . Note that, owing to the inequality (8), neither one of the two integrands above changes sign. Hence if the first integral converges as then so does the second one, implying further that (10) Since , this is clearly the case for . Induction on confirms that equality (10) holds for all . The desired conclusion (7) now follows from the property (8). (12) . Hence no sequence and constant satisfy (12); so (11) holds. By definition of equality (11) implies that each entry of converges in probability to the constant ; since , so does .
We conclude the discussion of LCQ with a relationship between and the tail probabilities of equilibrium queue occupancy:
as . Proof: The assertion is immediate for so we consider the case . Equality (6), together with Taylor expansion of around yields (13) The second term on the right hand side is nonnegative; therefore, and (14) We define and complete the proof by showing that is uniformly bounded. Let be defined as (15) so that (13) 
The theorem follows due to (14) and (18).
IV. LCQ
Given at a scheduling instant , the maximum occupancy over all connected queues at time is equal to with probability ; hence under the LCQ policy is a time-homogenous Markov process with jump rates (19) This process can be constructed as in Section III, so that (20) where is a martingale that vanishes as . The sequence of processes converges in distribution along subsequences of , but identifying a limit is relatively more involved than for the LCQ policy since the process fluctuates persistently for all values of and the integrand in (20) does not converge. Rather than this integrand, here we study the behavior of the integral in (20) via an averaging technique due to Kurtz [6] . In reading this section the reader may find it helpful to consult related applications of this technique in [1] , [5] , and [15] .
Let denote the set of sequences such that , and . Define the mapping by setting with the understanding that and . Let be endowed with metric defined by
In particular is compact with respect to the induced topology. We denote by the collection of measures on the product space such that for each . Let be endowed with the topology corresponding to weak convergence of measures restricted to for each . Since is compact, so is due to Prohorov's Theorem. Let be a random member of defined by Here denotes Borel sets of . Note that equality (20) can be expressed in terms of as where Compactness of implies that each subsequence of has a further subsequence along which converges in distribution. This property is also possessed by , and therefore by the pair . Fig. 3 . Transition rates of ! ( 1 ), that is, the kth coordinate of ! ( 1 ). The process has also an isolated state 1 which is not shown. The coordinate process ! ( 1 ) is generally not Markovian due to its dependence on ! ( 1 ).
The following definition is useful in characterizing possible limits of : For fixed let denote the Markov process with states in and with the following transition rates:
at rate at rate (21) See Fig. 3 for a partial illustration of this process. The process bears a certain resemblance to , which can be observed by inspecting the generators (19) and (21), though it should be noted that in (21) is constant and has no binding to instantaneous values of . We also point out that evolves on a compactified state space and it is reducible due to the states that involve ; hence it has multiple equilibrium distributions in general. 
where and denotes expectation with respect to distribution . Proof: Let all processes be constructed on a common probability space so that convergence of is almost sure. Convergence of is then uoc. We start by consulting [6, Lemma 1.4] to verify that the limit measure possesses a density so that (23) where, for each is a probability distribution on . We proceed by identifying these distributions. 
Since converges uoc to by hypothesis, uniform continuity of implies (25) Finally by the Continuous Mapping Theorem (26) Observations (24)- (26) In turn for such and as . The maximum queue size in equilibrium therefore tends to one, but the number of queues at that occupancy is substantially larger than the same number under the LCQ policy. In particular for large enough values of the total system occupancy is .
